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Introduction
73

Learning the dynamics of nonlinear systems with regional stability
guarantees through LMI constraints

Linear Matrix Inequalities (LMI) Scherer and Weiland [3]

With the decision vector 6 = (6, ---0,,)" € R™, a system of LMIs is

A+ 0 AL+ 40,48 50

AT+ 0AT + -+ 0,AT <0

where Aj, A} ... Al i=1,...,m, are real symmetric data matrices.

e Affine in decision variables

e Bridge the gap between characteristics of a transfer function and matrix properties of
state space models.
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Introduction @

Learning the dynamics of nonlinear systems with regional stability
guarantees through LMI constraints.

Regional Stability

Consider a compact set X C R™ and an admissible input set U{.
The system is regionally stable if:

e X is forward invariant for all inputs in &/
e All trajectories starting in X remain in X’

¢ The output trajectories are bounded by Y for all trajectories starting in X and all
inputs in U
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Motivation

state set X
initial state

Zo
prediction input "
(0 ﬁ% u 3

S
_ o =
time step k

time step &

Stability properties cannot be infered from measured data

* Measured trajectories are always bounded
e Stability must be independent of the data
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Architecture and

Problem Formu-
lation




System Identification Setup
Given: Dataset of M input-output trajectories

D= {((Uk, k) o' JO) [i]}

M

i=1

with u;, € R? inputs, 3. € R outputs, and z, € R initial state.
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System Identification Setup @
Given: Dataset of M input-output trajectories

D= {((Uk, k) o' JO) [i]}

with u;, € R? inputs, 3. € R outputs, and 2, € R initial state. And a dynamic RNN
model with parameters 6:

M

i=1

Tpt1 = Az, + Buy + Bowy,
G = Jr = Cxy + Duy, + Diswy,
v = Coxg + Daruy

and
Wr = A(Zk)

with A = (dzn(v}), ..., dzn(v}"))
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Figure 1: Model architecture
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Given: Dataset of M input-output trajectories

D= {((Um k) o' JO) [i]}

with u;, € R? inputs, 3. € R outputs, and 2, € R initial state. And a dynamic RNN
model with parameters 6:

M

i=1

Tyl = Az, + Buy + Bowy,

G:= Ui = Cxg + Dug + Diswy, Y ? u
v = Coxg + Darug, Sy H
and g
Wy = A(Zk)

Figure 1: Model architecture
with A = (dzn(v}), ..., dzn(v}"))

Identify a nonlinear state space model Sy that is regionally stable. I
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Regional stabil-

ity through LMI
constraints




Sector-Bounded Nonlinearities @

Common activation functions of RNNs are sector-bounded by 0 and 1. J
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Sector-Bounded Nonlinearities

Common activation functions of RNNs are sector-bounded by 0 and 1.

Standard Sector:

(0 (7 9 (0)=

Properties:

e Graph of the activation function lies in
the sector defined by lines with slopes 0
and 1
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Sector-Bounded Nonlinearities @

Common activation functions of RNNs are sector-bounded by 0 and 1. J

Standard Sector:

(0 (7 9 (0)=

Properties:

e Graph of the activation function lies in
the sector defined by lines with slopes 0
and 1

Figure 2: Tanh activation function.

In this work: (based onTarbouriech et al. [4], La Bella et al. [2])

Change activation function and use generalized sector conditions that hold for deadzone
nonlinearity.
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Generalized Sector Conditions

Generalized Sector Function:

ENGICHR

for|g| <1
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Generalized Sector Conditions

Generalized Sector Function:

b)) (-2 1) (%)
() (o) () =0
for|g| <1
Key difference:

e ¢ = 0: Standard sector (global)
e ¢ # 0: additional degree of freedom
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Generalized Sector Conditions

Generalized Sector Function:

() (2 ()= 1
for|g] <1

/Q
Key difference: _/:1 ! l : 2
e ¢ = 0: Standard sector (global) _9

e ¢ # 0: additional degree of freedom

Figure 3: Deadzone activation function.

Connect nonlinearity channel with internal state

g=Hzx
where H is a learnable matrix.
Polyhedron defined by H

L(H) = {z € R"[[[Hz] <1} (1)
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Assumptions for regional stability @

Initial state condition: 7o € X = £(X) = {z € R"|2T Xz < 1}

state set
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Assumptions for regional stability

Initial state condition: 7o € X = £(X) = {z € R"|2T Xz < 1}
state set
X /’— *\\

Input condition: Us = {(us)ken | u] uk

input

time step &
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Main Result: Regional Input-to-State Stability

Regional input-to-state stability

Suppose there exist matrices P € S, M € Dy, L = (") - (lm)T)T € R™*", and
scalar s € R such that the linear matrix inequalities (LMI)

—a?P 0 PCy+LT| PAT

* -1 DQTl BT 1/52 lz )
* * —2M MBQT jo? P>_O7 and (ll)T P EO, fOI’ a”'L:17...,m,
* * * — [P &
F
(2)
are satisfied. Then, for any input sequence u € Us with

52 < (1 —a?)s?, (3)
the ellipsoid £(P~1/s?) is forward invariant and £(P~!/s?) C L(H) with H=LP!,
X = P~ when zg € £(P~1/s%).

w
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State 1, stays in X

Whenever the constraints from above are satisfied then the state set X is forward
invariant

state set
1 \
\ 7
AN -_’/

e The internal state of a model is often high dimensional and does not necessarily have
a physical meaning.

e State trajectories are usually not available in system identification
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Linear mapping from input and state to output &
'S

Guaranteed output set

Given a system where the state zy, is strictly bounded by the invariant state ellipsoid
()T Xy, < 32,§nd an output equation g = C'xy. If there exists a symmetric positive
definite matrix Y satisfying the linear matrix inequalitiess (LMIs)

<P /* 82 ((;;QT> - 0, (4)

and (2), then the output yj, is certified to remain bounded within the invariant output
ellipsoid defined by ) = £(Y) where Y 1 =Y.

Proof idea: We want to show that
y'Yy < 1 whenever 27 (X/s?)z < 1

for some matrix Y that defines the ellipsoid £(Y'). Or equivalently when 2% € X' then
yk € Y forany k > 0.
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Linear mapping from input and state to output

Guaranteed output set

Given a system where the state zy, is strictly bounded by the invariant state ellipsoid

(xp)T X2y < 32,9nd an output equation g, = C'xy. If there exists a symmetric positive
definite matrix Y satisfying the LMIs

<P/s2 (CP)T> o @

* y-1

and (2), then the output g, is certified to remain bounded within the invariant output
ellipsoid defined by Y = £(Y) where Y =1 =Y.

output

time step £
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Toy example: 2-state nonlinear system

Unknown Data-Generating System:
e 2-state nonlinear system with deadzone nonlinearity
e Regionally stable by construction
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Toy example: 2-state nonlinear system

Unknown Data-Generating System:
e 2-state nonlinear system with deadzone nonlinearity
e Regionally stable by construction

Dataset:
e 900 trajectories, 45 000 datapoints
* Sinusoidal inputs: u = \/s2(1 — a2) sin(kdt)
e Random inputs: u ~ R(—+/s2(1 — a2),/s2(1 — a2))
e Initial conditions: zy € [—6, 6]

* Note: Some trajectories diverge (outside X)
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Toy example: 2-state nonlinear system

Unknown Data-Generating System:
e 2-state nonlinear system with deadzone nonlinearity
e Regionally stable by construction

Dataset:
e 900 trajectories, 45 000 datapoints
* Sinusoidal inputs: u = \/s2(1 — a2) sin(kdt)
e Random inputs: u ~ R(—+/s2(1 — a2),/s2(1 — a2))
e Initial conditions: zy € [—6, 6]

* Note: Some trajectories diverge (outside X)

Compared Methods:
1. GenSec: Our method (generalized sector, regional)
2. StdSec: Standard sector (global stability)
3. NoSec: No stability constraints
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Results: Phase Space Comparison @

-

T1

Figure 4: NoSec
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Results: Phase Space Comparison @

* TS
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Figure 4: StdSec
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Results: Phase Space Comparison

T2

NISysldBench 26

CO[[Hr|le <1
Cosa’Xa <1

1

Figure 4: GenSec (Ours)
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Results: Phase Space Comparison @

| Halloo <1
o Lo Xz < 1 - L

\N

T2

X1 X X1
(a) GenSec (Ours) (b) StdSec (c) NoSec
Observations:
¢ GenSec: Successfully identifies system with regional guarantees

e StdSec: Too conservative, fails to identify dynamics
e LtiRNN: No stability guarantees
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Results: Quantitative Evaluation @

Table 1: Evaluation results on test dataset for the different models.

Model NRMSE # params m
NoSec 0.001581 24 2
StdSec 0.01635 33 2
GenSec (ours) 0.0005698 37 2
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Silverbox

Table 2: Evaluation results on the Silverbox dataset.

Model 1000 RMSE(y, 9) o #Par.

in mV inmV
GenSec (ours) [5.72; 9.38; 5.50] 3.39 653
NoSec [1.67; 2.21; 1.287] - 553

SUBNET [1] [0.36; 1.4; 0.32] - -
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Summary

time step k

Future Work:

initial state
Zo

prediction input
(] S u

%)

e Reduce conservatism of static input set /s

e Scale to larger neural network architectures

NISysldBench 26

15.04.2026

input

state set b 4

time step &

19/ 20


https://www.ipvs.uni-stuttgart.de/departments/ac/
https://www.ipvs.uni-stuttgart.de/departments/ac/

Thank You!

Daniel Frank

University of Stuttgart
Analytic Computing

e-mail: daniel.frank@ki.uni-stuttgart.de
phone: +49 711 685-88107
address: Universitaetsstrasse 32
70569 Stuttgart
room: 2.204
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Initialization Strategy

Goal: Find initial feasible model

Approach:
1. Fix model parameters 6 (e.g., random initialization)
2. Choose «a, s based on data properties
3. Solve feasibility SDP for P, L, M:

find P,L,M
s.t. LMI conditions hold

Key Advantage:
e Constraints are affine in P, L, M, s>
e Can use efficient SDP solvers
e Ensures bounded barrier functions at start
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